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We present a quantitative study of most prominent incompressible quantum Hall states in the 
partially filled first excited Landau level (LL1) which have been recently studied experimentally by 
Choi et al. The pseudopotential describing the electron - electron interaction in LL1 is harmonic at 
short range. It produces a series of incompressible states which is different from its LLO counterpart. 
The numerical data indicate that the most prominent states v — - , | , and | are not produced by 
Laughlin correlated electrons, but result from a tendency of electrons to form pairs or larger clusters 
which eventually become Laughlin correlated. States with smaller gaps at filling factors 
are Laughlin correlated electron or hole states and fit Jain's sequence of filled CF 4 levels. 
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The possibility of using non-Abelian quasiparticle ex- 
citations in quantum computing has led to a revival of in- 
terest in the fractional quantum Hall (FQH)states of the 
first excited Landau level (LL1) 0,0,0,0,11. The FQH 
states of LL1 are quite different from those of LLO, and 
not nearly as well understood 0, 0, 0, 0, E3, El, El • Be- 
fore making use of the properties of non-Abelian QPs of 
LL1 (of a very special model three-body interaction) for 
practical purposes, it seems worthwhile to study the in- 
compressible quantum liquid (IQL) states and their QPs 
in LL1 using realistic Coulomb interactions. A recent 
careful study of the temperature dependence of the min- 
imum longitudinal conductivity [l3[ noted that the most 
robust FQH states in LL1 occur at v\ = v — 2 = 1/2, 1/3, 
1/5 and 2/7 and their electron- hole (e-h) conjugates. It 
was emphasized that this was in sharp contrast to LLO, 
where v = 1/3, 2/5, 3/7 and their e-h conjugate were the 
most prominent incompressible states, but no discussion 
was given of why this difference occurred. In this paper 
we present an explanation of why correlations in LLO and 
LL1 are different and result in different sets of prominent 
FQH states. We support our explanation with numerical 
results for energy spectra and for the probability P(TV) 
that the ground state contains pairs with relative angular 
momentum TZ = 1, 3, 5 — We restrict our consideration 
to states that are are fully spin polarized for the sake of 
simplicity, and because they appear to yield agreement 
with experimental observations. 

Pseudopotentials and Laughlin correlations. In this pa- 
per we use Haldane's spherical geometry [14], in which 
there are no boundary conditions to be imposed and the 
planar translational symmetry is replaced by the spheri- 
cal one. The perpendicular magnetic field is produced by 
a monopole with the strength 2Q and the Landau levels n 
are replaced by angular momentum shells £=Q+n. The 
Coulomb interaction is described using the pseudopoten- 
tials V(TV), where TZ ia the relative angular momentum 
TZ = 2£ — L', V being the pair angular momentum. It is 



well-known that Laughlin correlations (the avoidance of 
pair states with small values of TV) occur only when the 
pseudopotential V n (TV) describing the interaction energy 
of a electron pair with angular momentum L' = 2£ — TZ 
in LLn is "superharmonic" , i.e. rises with increasing L' 
faster than L' jL' + 1) as the avoided value of V is ap- 
proached [H, [H, [TtJ . In LLO the pseudopotential is su- 
perharmonic for all values of 7£, but in LL1 it is super- 
harmonic only for R > 3. Finite well- width effects can 
make V\(R) weakly superharmonic at TZ = 1 [13]. How- 
ever, for well- width of moderate size, we have found that 
V\(TV) does not change enough to cause robust Laugh- 
lin correlations. We will ignore finite width effect in this 
paper. 

When 1/2 > v > 1/3, the lowest energy states in LLO 
contain LCEs (Laughlin correlated electrons) which avoid 
pairs at TZ = 1. A Laughlin- Jain [Til, [2(j sequence of 
integrally filled LCE levels occurs at v — n(2n db 1) _1 , 
when the composite Fermion (CF) angular momentum 
t = \£ - (N - 1) | satisfies 2t = N/n - n. For 1/3 > v > 
1/5, the LCEs avoid pair states with TZ = 1 and 3, giving 
t = \i - 2(N - 1)| and v = n(4n ± l)" 1 FQH states. 

Vi(TZ) is not superharmonic [To|,[ll| at TZ = 1, so LCEs 
are not expected for 1/2 > v > 1/3. Instead, the elec- 
trons tend to form pairs with 
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The pairs of electrons can be treated as Bosons or 
Fermions since in 2D systems a Chern-Simons transfor- 
mation can change Bosons to Fermions [21|. To avoid 
violating the exclusion principle, we can't allow Fermion 
pairs (FPs) to be too close to one another. We do this by 
restricting the angular momentum of two pairs to values 
less than or equal to 0, i3, 0, HH 



2£ YV = 2£ P - 3(N P - 1) , 



(2) 
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where the number of pairs is: 



N 



(3) 



From this it is apparent that the FP filling factor satisfies 
the relation v^p = 4^ 1 " 1 — 3. The factor of 4 is a reflec- 
tion of TVp being half of N and the LL degeneracy gp of 
the pairs being twice g for electrons. Correlations are in- 
troduced through a standard CF transformation applied 
to FPs: 

2^p = 2^ FP -2p(JVp-l). (4) 

For (2£, N) = (25, 14) and 2p = 4 this gives £ P = 24, 
P = 30 and 2£ FP 
3 shell giving an L 



N P = 7, 2^ FP = 30 and 2£ FP = 6. The N P = 7 FPs 



fill the £ FP = 3 shell giving an L = IQL ground state 
with FP filling factor ^pp = (2p + 1) _1 = 1/5 and v\ — 
1/2. The numerical spectrum is shown in Figured] a); it 
has a well defined gap separating the ground state from 
the excited states. P(JZ) vs. TZ is obtained from the 
eigenfunctions and contains the same information for a 
spherical surface as the pair distribution function on a 
plane. The maximum at 7Z = 1 and minimum at 1Z = 
3 is incontrovertible evidence that the electrons are not 
Laughlin correlated. Our L = ground state of Laughlin 
correlated pairs is definitely different form the Moore- 
Read Pfaffian state @, the exact eigenstate of a special 
three particle repulsive interaction |3, [Til] - The square 
of the overlap of these two ground state wavefunctions is 
only 0.48; the overlap of the excited states for the two 
models is much smaller. 

In Figure [2] we present the two energy spectra for N = 
14 and 2£ = 24 (a) and 26 (b). Increasing or decreas- 
ing 2£ (from the values that give an IQL ground state) 
by one unit clearly produces a pair of elementary excita- 
tions and a band of low lying states. We can understand 
these spectra using our set of equations ([TEj) for paired 
states with {21, N) = (24,14) and (26,14). The former 
case contains two FP quasiparticles each with ^fpqp = 3, 
and the latter two FP quasiholes with ^fpqh = 4, giving 
the lowest energy bands marked by circled dots in Fig. 
[21 The occurrence of FQH states at 2£ = 2N — 3 and 
at the electron-hole conjugate 2£ — 2N + 1 (obtained 
by replacing N with 2£ + 1 — N ) agrees with numeri- 
cal calculations. The gap appears to approach a finite 
limit for large N when plotted as a function of iV -1 , but 
our calculations are limited 8 < N < 16. A meaningful 
comparison with experimental data would require taking 
into account the finite well-width, the effect of disorder 
and especially Landau level mixing as suggested by very 
recent experimental data [26]. The low lying states for 
values of 2£ close to 2N — 3 seem to be well described in 
terms of Laughlin correlated pairs of electrons with the 
pairs treated as Fermions. 

For v\ — 1/3 in LL1, we performed numerical calcula- 
tions for many different values of 2£ for each value of N 
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FIG. 1: a) The low energy spectrum of N — 14 electrons in 
LL1 at 2£ — 25. The L — IQL state, marked by a circle, 
is separated from higher state by a gap. b) The probability 
P{1Z) of pair for L — ground state with relative angular 
momentum 1Z as a function of 1Z. P(JZ) is not a minimum at 
1Z — 1, and not a maximum at 1Z — 3 as in a Laughlin state. 
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FIG. 2: a) The low energy spectrum of N — 14 electrons in 
LL1 at 2£ = 24. b) The low energy spectrum of N = 14 
electrons in LL1 at 2£ — 26. Changing 2£ — 2N — 3 by one 
unit results in a pair of QP or QH excitations, marked in 
figure with circles. 



IQL 11]. L = ground states were found for 6 < N < 12 
at 2£ = 3 N — 7, quite a different value than for the L = 
incompressible state in LL0, which occur at 2£ = 3N — 3. 
Although pairs are expected to form, complete pairing 
for even values of N would give an incompressible ground 
state at 2£ = 3N - 5, not 37V - 7. We do not fully un- 
derstand the correlations at v\ — 1/3; larger cluster than 
pairs could form or we could have a plasma with clusters 
of several different sizes. Such systems might be treated 
by a generalized composite Fermion picture [27[, but we 
do not consider a plasma with two or more different clus- 
ter sizes in the present paper. In Figure [3] we show an 
example of a spectrum, N = 11 and 2£ = 26, and a plot 
of P(7Z) vs. 1Z for the L = ground state. It is clear 
that the electrons are not Laughlin correlated since P(R) 
is a minimum for 1Z = 3, not 1Z = 1. Unfortunately, the 
gap size is not a smooth function of TV -1 , so our lim- 
ited range of N values does not allow extrapolation to 
the macroscopic limit with any degree of confidence. We 
are certain however that pairs or larger clusters will form 
instead of LCEs. 

For 1/3 > v\ > 1/5, Laughlin correlations with CF 4 
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FIG. 3: a) Spectrum of N = 11 electrons at 2£ = 26 in LL1. 
L = ground state is marked by a circle. b)P(7V) vs. 1Z for 
the ground state. For 1Z — 1, P(1Z) is not a minimum, but 
for 1Z — 3 it is. This is exactly opposite to the behavior in 
LCE state. 



FIG. 5: (color online) a) Spectrum of a system with 7 elec- 
trons at 2£ = 30 in the first excited Landau level b) P(7Z) vs. 
1Z for the L = ground state. Dashed line for P(1Z) vs. 1Z in 
the LLO, is essentially indistinguishable from solid line. 
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FIG. 4: (color online) a) Energy spectrum for N = 8 electrons 
at 2£ = 26 iin LL1. b) P(1Z) vs. 1Z for the L = ground state. 
Dashed line is for P(1Z) vs. 1Z in the LLO. 



FIG. 6: a) Spectrum of a system with 8 electrons at 2£ — 16 
in the first excited Landau level. The enrgy gap is very small 
b) P(1Z) vs. 1Z for the L = ground state. 



(composite Fermions with 4 attached flux quanta) are 
expected, just as in LLO. The spectrum for N = 8 and 
2£ = f TV - 2 = 26, and P(K) vs. K for the ground state 
are shown in Fig HI The low values of P(TZ) at 1Z = 1 
and 3 agree with the CF 4 picture giving a Jain state at 
v\ = n(4n — 1) _1 with n = 2. The L = ground state is 
marked with a circle. The LCEs have angular momentum 
r = l - 2{N - 1) = 1. The lowest LCE level can hold 
2t + 1 = 3 CFEs; the remaining 5 fill the QE level with 
^qe = 2 giving the daughter state at v\ = 2/7. The 
correlations are similar to those in the v = 2/7 state in 
LLO. 

For v\ = 1/5 the ground state is also an incompressible 
L = state which avoids pair states with 1Z = 1 and 3, 
similar to the 1/5 state in LLO. The energy spectrum 
and pair probability for the incompressible ground state 
at L = are presented in Fig. [U The pair probability 
P(7Z) for v — 1/5 and v = 2/7 states in LLO are also 
shown in Figures[4]b) and[5]b) to emphasize the similarity 
of LCE states in LLO and LL1. 

The FQH state at v\ = 2/5 has been experimentally 
identified by Xia et al. [28] and reconfirmed recently [13[, 



but it still lacks a clear theoretical explanation. Because 
the pseudopotential Vi(T^) is not superharmonic at 1Z = 
1, the electrons are not Laughlin correlated. The series 
of 2£ = | N — 4 produces L = incompressible ground 
state for even N < 12. In Figure [6] we present the energy 
spectrum (frame a) and the pair probability (frame b) 
of a system with 8 electrons and 2£ = 16. The pair 
probability clearly looks different from what one expects 
from a Laughlin correlated state. 

It is interesting to investigate the v\ = 2/5 state in 
LL1, when only V\(7Z = 1) (or simply Vi(l)) is changed 
from its Coulomb value in a zero width quantum well 
by an amount SV\ = xVi(l), while all other values of 
Vi(7Z) are unchanged. In Fig. 0a) we show the energy 
gap A (when it is positive) between the L = state and 
the closest excited state as a function of x for an eight 
electron system [29| at 2£ — 16. For x < —0.3 a very 
small gap {c± 0.0065e 2 /A) occurs. As x increases this 
gap first increases slightly and then begin to decrease at 
x ~ — 0.1. It disappears at x ^ 0.01 but reappears for 
x > 0.08, increasing almost linearly with x for larger x. 
In frame b) we present P(7Z), the probability of having 
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FIG. 7: (color online) a) Energy gap vs. SV1/V1 = x. Re- 
mainder of pseudopotential Vi(7Z) (for 1Z — 3,5,...) is un- 
changed, b) Sketch of pair probability for x = —0.3 (red) and 
x = 0.1 5 (green) 



pairs with relative angular momentum 1Z for the ground 
state for two values of x, x = —0.3 and x = 0.15. The lat- 
ter is clearly super harmonic (as in LLO), giving a robust 
Laughlin-Jain state (LJS) at v\ = 2/5. The former is 
subharmonic giving a small gap related to the formation 
of a Laughlin correlated state of pairs of electrons (LCP). 
Both of these states occur for 2£ = |iV — 4. For zero well- 
width LL1 corresponds to SVi equal to zero. Finite well 
width effects seem too small to change its non-Laughlin 
correlated behavior. Thus we expect a robust v = 2/5 
LJS in LLO, but at most a very small gap LCP state in 
LL1. 

Summary. Because V^\lZ) in LL1 is not superhar- 
monic at 1Z = 1, but is at 1Z = 3, the ground state 
can not be Laughlin correlated for the filling factors 
v\ = v — 2 in the range 1/2 > v\ > 1/3, but it can 
be for 1/3 > v x > 1/5. The CF picture with 2 attached 
flux quanta (CF 2 ) cannot be applied. The FQH states at 
vi = 2/3, 1/2, 1/3 must contain pairs with £p — 2£ — 1 
(or larger clusters). In general, pairing or formation of 
larger clusters give weaker FQH states than Laughlin cor- 
relations. 

For 2£ = 2N - 3 or 27V + 1 in LL1 and N even, 
TVp = \N pairs can form a Laughlin correlated state of 
pairs (LCP state). Numerical calculations confirm L = 
ground states at v = 2 + v x = 5/2 for 2£ = 2N - 3 
or 2 N + 1 with robust gaps. For v\ = 1/3 (and its 
e-h conjugate at v\ = 2/3) the correlations aren't un- 
derstood. FQH states are formed for 6 < N < 12 at 
2£ = 3N- 7. LCEs in LLO have 2£ = 3N - 3, and Laugh- 
lin correlated pairs in LL1 would occur at 2£ = 37V — 5. 
Through LC triplets would occur for N a multiple of 3 
at 2£ = 37V — 7, we don't have enough numerical data 
to be certain of correlations at v\ — 1/3. Mixed plasmas 
of different size clusters may be necessary to understand 
the correlations. For 1/3 > v\ > 1/5, the LL1 electrons 
can be Laughlin correlated. LCE states have larger gaps 
than the LC states of pairs (or larger clusters). This 



leads to Laughlin-Jain states at v\ = ±™± 1 explaining 
why v\ = 1/5 , 2/7 states and their e-h conjugate are 
prominent but v\ =2/5 isn't. 
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